Determinants

Short Answer Type Questions

Q.1

xP-x+1 x-1
x+1 x+1

2 -x+1 x-1 x° —2x +2 x -1

Sol. We have, = [-C, —>C, -C,]
x+ 1 x+ 1 0 x+1
=(x?-2x+2)(x+1) —(x-1)-0
=x% —2x? 4 2x+x% -2x +2
=x®-x?+2
a+x y z
Q.2 x a+y z
x y a+z
a+x y z a —-a 0
Sol. We h _lo “ R, >R, -AR,
ol.Wehave,| x a+y 2z |= a -a and R, >R, - R,
x y a+2z |x y a+z
a 0 0
=0 a -a [-C, »C, +C]
X x+y a+z

=a@®+az+ax+ay)
all@a+z+x+y)
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0 xy2 xz*
Q.3 ¥’y 0 yz?

¥’z zy® 0
0 xy2 xz° 0 x «x
Sol. We have, ¥’y 0 yZPl=x%PZ2ly 0 vy
¥’z 24 0 z z 0
[taking x2, y* and z% common from C,, C,, and C, respectively]
0 0 «x
=x22ly -y vy [+ C, »C, —Cy]
z z O

= x?y?2% [x (yz + y2)]
=x°y?7% 2ayz=2x°y%7°

3x —x+y —x+z
Q.4 x—-y 3y z-y
X—z y-—-z 3z
3x —x+y -x+2z
Sol. We have, x-y 3y zZ-y
xX—z y-z 3z

Applying, C; »C, + C, + C,,

X+y+z —x+y —x+2
X+ y+2z 3y z-y
x+y+z y-z 3z

1T x+y —x+2
(x+y+ 2|1 3y zZ-y
1 y—-2z 3z

[taking (x + y + z)common from column C,]
1 —x+y —x+2Z
=x+y+2|0 2y+x x-Yy
0 x-z 2z+«x
[+ R, >R, -RyandR; - Ry —Ry]

Now, expanding along first column, we get
x+y+21[QRCy+x)2z+x)—(x —y)(x — 2)]
=(x+ y+ 2)(dyz + 2yx + 2xz + x° — x% + xz + yx — yZ)
=(x+ y+ 2)(Byz+ 3yx + 3x2)
=3+ y+ 2)(yz+ yx + a2)
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X +4 X X
Q.5 x «x+4 «x

x X X +4
x+4 x x 2x+4 2x+ 4 2x
Sol. Wehave,| x x+4 «x |=| «x x+ 4 x [+ R, >R, + R,]
X x x+ 4 X X x+ 4

2x  2x 2x 4 4 0
=|lx x+4 x |+|x x+4 x

X X x+ 4 X x x+ 4

[here, given determinant is expressed in sum of two determinants]
1 1 1 1 1 0

=2x|x x+ 4 x |[+4|x x+4 X
x x x+ 4 X x x+ 4

[taking 2x common from first row of first determinant and 4 from first row of second
determinant]

ApplyingC; - C, -C5 andC, - C, — C; infirst and applying C; - C, — C, in second, we

get
0 0 1 0 1 0
=2x| 0 4 x |+4|-4 x+4 X
-4 -4 x+4 0 x x+ 4

Expanding both the along first column, we get
2x [-4(-4]+ 4[4 (x+ 4-0)]
=2x x16+ 16 (x + 4)
=32x + 16x + 64

=16 (3x + 4)
a-b-c 2a 2a
Q.6| 2b b-c-a 2b
2c 2c c-a->b
Sol. Wehave, la—-b-c 2a 2a
2b b-c-a 2b
2c 2c c-a-b
a+b+c a+b+c a+b+c
= 2b b-c-a 2b "R, >R, + R, + Rj]
2c 2c c—-a-b

1 1 1
=@+b+c)|2b b-c-a 2b
2c 2c c—-a-b
[taking (a + b + c)common from the first row]
0 0 1
=@+b+c) 0 -(@+b+c) 2b
@+b+c) (@+b+c) (c—a-b)
[+ C —»C,-CyandC, »C, -Cj,]
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Expanding along R,
=(@+b+c)[1{0+ @+ b+c?}]

=(@+b+c)[l@a+b+c)h]

=@+b+c)
yiz® yz y+z
Q.7 2% zx z+x|=0
x’y? xy x+y
Sol. We have to prove,
V2 yz y+z
?x% zx z+x|=0
x2y2 xy x+y
V22 vz y+z 1 x Y272 xyz xy+axz
LHS =|2%x? zx z+ x|=—|x°yZ° xyz yz+xy
z
x2y% xy x+y g4 x%y2z xyz xz+yz

[“R, > xR,R, > ¥R, Ry > zR,]
yz 1 xy+xz
1 2
=—(xyz|lxz 1 yz+xy
xyz
xy 1 xz+yz
[taking (xyz) common from C, and C,]
yz 1 xy+ yz+ zx
=xyz|xz 1 xy+ yz+ zx|[C; > Cy + C]
xy 1 xy+ yz+ zx

yz 11
=xyz(xy+ yz+ zx)|az 1 1
xy 11
[taking (x y + yz + zx)common from C,]
=0 [since, C, and C, are identicals]
=RHS Hence proved.

y+z z y
Q.8 z z+x x |=4dxyz
y X x+y

® Thinking Process

First in LHS use C,—> C,+ C, + C; and then by using C,— C,—C, and R,—> R, —R;, we
can get two zeroes in column 1 and then by simplification we will get the desired result.

Sol. We have to prove,

y+z z y
z Z+ x x |=4xyz
y x xX+y
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y+z z y
LHS =| z  z+x «x
y X x+y
y+z+z+y z y
=|Z+Z+x+x Z+x X [+C; »Ci+C, +Cy]
y+x+x+y x  x+Yy

y+2 z y

=2|(z+x) z+x «x [taking 2 common from C,]
x+y) x x4V
y z y

=210 z+x «x [-C, »C, -C,]
y x  x+y
0 z—-x -—-x

=20 z+«x x [~ Ry = Ry — Ry
y x x4y

=2 [y(xz-x% + xZ+ x2)]
=4xyz=RHS Hence proved.

a®+2a 2a+1 1
Q.9(2a+1 a+2 1| =@-1)°
3 31

® Thinking Process
Here, by usingR,—> Ry —R, and R, = R, —Rs in LHS, we can easily get the desired result.
Sol. We have to prove,
a®+2a 2a+1 1
=|2a+1 a+2 1|=@-1°
3 3 1
a®+2a 2a+1 1
LHS =] 2a+1 a+2 1
3 3 1
a®+2a-2a-1 2a+1-a-2 0
= 2a+1-3 a+2-3 0
3 3 1
[-R,—>R,—R,and R, >R, — R,]
@-NH@+1) @-1 0 @+17 10
=| 2@-1 (@-1 0l=@-1?] 2 10
3 3 1 3 31
[taking (@ — 1) common from R, and R, each]
=@-1°f@+1n-2]=@-1>
=RHS Hence proved.
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1 cosC cosB

Q. 10 If A+B +C =0, then prove that [cosC 1  cos A|=0.
cosB cos A 1

@ Thinking Process
We have, given A+ B+ C =0, so on solving the determinant by expansion, we can use
cos (A+B)=cos (—C) and similarly after simplification this expansion we will get the
desired result.
1 cosC cosB
Sol. We have to prove, |cos C 1 cos Al=0
cos B cos A 1
1 cosC cosB
LHS =|cosC 1 cos A
cosB cos A 1
=1(1-cos? A)—cos C (cosC —cos A-cosB) + cos B (cosC -cos A — cosB)
=sin? A—cos?C + cos A-cosB-cosC + cos A-cosB-cosC — cos’ B
=sin? A—cos?B+ 2 cosA-cosB-cosC —cos®’C
=—cos (A + B)-cos (A - B) + 2 cosA-cosB-cosC —cos®C
[ cos? B —sin® A =cos (A + B)-cos (A — B)]
=-cos (- C)-cos (A-B) + cosC (2cos A-cosB — cosC) [~ cos (- 6) =cos 0]
=—c0osC (cosA-cosB + sinA-sinB -2 cosA-cosB + cosC)
=cosC (cosA-cosB —sinA-sinB —cosC)
=cosC [cos (A + B) —cosC]
=cosC (cosC —cosC)=0=RHS Hence proved.
Q. 11 If the coordinates of the vertices of an equilateral triangle with sides
of length ‘a’ are (x,, y,).(x,, ¥,) and (x5, y5), then

2
Xy, 1 4
3a
X, Yo 1] = o
X3 Y3 1
Sol. Since, we know that area of a triangle with vertices (x;, y;), (x5, ¥»)and (x5, y5), is given by
1 Xy 1
A= E x2 y2 1
X5 Y3 1
2
] X oy 1
= A2 =g|%2 v 1 .0
X3 Yy 1

We know that, area of an equilateral triangle with side a,

Aot a2=§32
2 2 4
_ 3.

= A’ =g
16
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XN

From Egs. (i) and (i), %a“:%xQ Yo 1
x5 Y3 1
2
Xy 1 3
= X, Yo 1 =Za4 Hence proved.
x5 Yz 1
1 1 sin30
Q. 12 Find the value of 0 satisfying| -4 3 cos20 | =0
7 -7 -2
1 1 sin360
Sol. We have, -4 3 cos20|=0
7 =7 -2
0 1 sin360
= -7 3 cos28|=0 [-Cy »C, -C,]
14 -7 -2
0 1 sin36
= 7-1 3 cos26|=0 [taking 7 common from C;]
2 -7 =2
= 7[0-1(2 —2co0s26)+sin36(7 —6)]=0 [expanding along R,]
= 7[-2(1-cos26)+sin36]=0
= —14+14cos20 + 7sin36=0
= 14c0s260 + 7sin36 =14
= 14 (1-2sin?0) + 7 (3sin 6 — 4sin® 0) = 14
= —28sin?0 + 14+ 21sin 6 — 28sin® 0 = 14
= - 28sin?6 - 28sin°H + 21sin 6 =0
= 28sin® 6 + 28sin’ 6 — 21sin9 =0
= 4sin®0 + 4sin®0 - 3sin0=0
= sin0 (4sin 0 + 4sin6 — 3)=0
= Either sin6 =0,
= O=nn or 4sinf+ 4sinB—3=0
sme_—4i./16+48__4im
B 8 -8
-4+ 8_7 -12
8 8 8
sin9=1,_—3
2 2
If sinezlzsinﬁ,then
2 6
O=nm+ (12
( )6
Hence, sinf = _73 [not possible because — 1 <sin 6 <1]
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b—x 4b+x 4b+x
Q.131f|4+x 4—x 4+x|=0, then find the value of x.
b+x 4b+x 4b—Xx

Sol. Given,

= (12 +

R

Q. 141f a,,q,, a5,
ar 41 ar 45
ry7 Gryn

Ay 11 Ay yay

4-x 44+x 4+ x
4+x 4-x 4+x(=0
44+ x 4+x 4-x

12+x 12+x 12+«
4+x 4-x 4+x|=0 [~ Ry =Ry + Ry + Ry]
4+x 4+x 4-x

1 1 1

x)|4+x 4-x 4+x(=0 [taking (12 + x) common from R,]
4+x 4+x 4-x
0 0 1

(12+x)|0 8 4+x|=0 [.C;—>C,-CyandC, »C, + C4]
2x 8 4-«x

(12 + x)[1- (- 16x)]=0
12+ x)(-16x)=0
x=-12,0

...,a, are in GP, then prove that the determinant

ar 19
a, , 15 | is independent of r.

ay 21

® Thinking Process

We know that, nth term of a GP has value ar”™} where a = first term and r = common
ratio. So, by using this result, we can prove the given determinant as independent of r.

Sol. We know that,

a =ARU+1)71 ZARI

r+1

wherer =r th term of a GP, A = First term of a GP and R = Common ratio of GP

We have,

a a a

7+ 1 r+5 r+9
&7 &y v
ar+11 ar+17 ar+21

ARr ARr+4 ARr+8

_ ARr+6 ARr+1O ARr+14

ARr+10 AR/+16 ARr+20
1 AR* AR®

=AR"-AR"*6.ART 1011 AR* AR®

1 AR® AR

[taking AR", AR"* 8 and AR’ *'° common from R,, R, and R, respectively]
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Q. 15 Show that the points (a +5, a —4), (@ — 2, a + 3) and (a, a) do not lie on
a straight line for any value of a.
® Thinking Process

We know that, if three points lie in a straight line, then area formed by these points will
be equal to zero. So, by showing area formed by these points other than zero, we can
prove the result.

Sol. Given, the points are (@ + 5,a - 4), (@a—2,a + 3)and (a, a).

1a+5 a-4 1
A=—la-2 a+3 1
2
a a 1
1 5 -4 0
:5—2 3 0 [~ R, >R -RyandR, =R, -R,]
a a 1
—1[1(15—8)]
2
= :Z;tO
2

Hence, given points form a triangle i.e., points do not lie in a straight line.

Q. 16 Show that AABC is an isosceles triangle, if the determinant
1 1 1

A= 1+cosA 1+cosB 1+cosC =0.
cos? A +cosA cos’B +cosB cos?C +cosC

1 1 1

Sol. Wehave, A=| 1+cos A 1+ cos B 1+cosC |=0
cos? A+cosA cos?B+cosB cos?C +cosC
0 0 1
A= cosA —cosC cosB —cosC 1+ cosC =0

cos® A+ cosA —cos’C —cosC cos? B+ cosB—cos?C —cosC cos®C + cosC
[. C »C,-CzandC, -»C,~-Cy]
= (cos A —cosC)- (cosB - cosC)
0 0 1
1 1 1+ cosC =0
cosA + cosC +1 cosB+ cosC +1 cos?C + cosC

[taking (cos A — cosC) common from C, and (cos B — cosC) common from C,]
= (cosA —cosC)- (cosB —cosC)[(cosB + cosC + 1) — (cosA + cosC + 1)]=0
=  (cosA-cosC)-(cosB-cosC) (cosB+cosC +1-cosA-cosC-1)=0

= (cos A —cosC)- (cosB —cosC) (cosB—cosA)=0
ie., cos A =cos Corcos B=cos Corcos B=cos A
= A=CorB=CorB=A

Hence, ABC is an isosceles triangle.

Get More Learning Materials Here : & m @&\ www.studentbro.in



0 11 A2 3]
Q. 17Fnd A Y, ifA=|1 0 1|and showthat A™'="—
1 10

0
1
1

11
Sol. Wehave, A= 0 1
10

Ag==1As=1A3=1A=1An=-1An=1A;=1A;p =1and Ay = -1

L = L
1 -1 1

adjA=| 1 -1 1] =
[ 11 -1
and |Al==1(=1)+11=2
, -1 1
a2 AT 1] ()
Al 2
11—
01 1[0 1 1] [2 1 1
and AZ{1 0 1]-1 0 1]{1 2 1 (ii)
1101 1o [112
PR [ A ] I A
=—1 2 1/-|0 3 0ft=x|1 -1 1
2 2112 Joos %1 o1 -
=A"" [using Eq. (i)]
Hence proved.
Long Answer Type Questions
1 2 0
Q.181fA=|-2 -1 -2/, then find the value of A,
0 -1 1

Using A™', solve the system of linear equations x —_2y =10,

2x -y —z=8and -2y +z =7.
12 0
-2 -1 -2
0 -1 1

Al=1(-3)-2(-2)+ 0=1=0
—2,An =1 An=1A=-4A;p=2and A, =3

Sol. We have, A=

Now, Ay = =38 Ap =2, Ay =2, Ay, =
T |-3 -2 -4

-3 22
adj(A)=-2 1 1] = 2 1 2
4 2 3 2 1 3
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4r_adi A

| Al
-3 -2 -4
- 2 1 2
! 2 1 3
-3 -2 -4
= Al=l 2 1 2 (i)
2 1 3
Also, we have the system of linear equations as
x -2y =10,
2x—y—-z=8
and -2y+z=7
In the form of CX = D,
12 0l[«] [10
2 -1 -1||y|=| 8
0 -2 1]z |7
1 -2 0 x 10
where, C=|2 -1 -1 X=|ylandD =| 8
10 -2 1 z 7
We know that, ATy T=ah
1 2 0
Cl=]-2 -1 —2|=A [using Eq. (i)]
0o -1 1
X=C"'D
(-3 2 2][10
= yl=-2 1 1|| 8
z| | -4 2 3] 7
[~ 30+ 16+ 14 0
=| -20+8+7 |=| -5
|- 40+ 16+ 21 -3

x=0y=-5andz=-3

Q. 19 Using matrix method, solve the system of equations 3x +2y —2z =3,
x+2y+3z=6and2x -y +z=2
® Thinking Process

We know that, for given system of equations in the matrix form, we get AX =B=>X=A""B
_adj(4)
Al

the desired result.

where A”" and then by getting inverse of A and determinant of A, we can get

Sol. Given system of equations is
3x +2y-2z=3
x+2y+3z=6
and 2x —y+z=2
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In the form of AX = B,
3 2 -2||«x 3
1 2 3||ly|=1|6
2 -1 1|z 2
For A™", |[Al=|3(B)-2(1-6)+ (-2)(-9)|
=[15+10+10|=|35]|# 0
A1=5A,=5A3=-5 A =0A,=7Apn=7 A;;=10A, =-11and A;; =4

T

5 5 -5 5 0 10
adiA=| 0 7 7/ = 5 7 -1
10 -1 4 -5 7 4
) 5 0 10
Now, atA e g gy
[ Al 35
-57 4
ForX = A"'B,
x 5 0 10]|8
yl= 5 7 —11||e
z % -5 7 412
15+ 20 35 1
:i 15+ 42 - 22 :i 35| =|1
-15+ 42+ 8 % 35 1

x=1y=1and z=1

2 2 —4 1 -1 0
Q.201fA=|-4 2 —4/andB=|2 3 4|, then find BA and use this
2 -1 5 0 1 2

to solve the system of equations y+2z=7 x—-y=3 and
2x +3y +4z =17.

2 2 -4 1 -1 0
Sol. We have, A=|-4 2 -4landB=[2 3 4
2 -1 5 0o 1 2
1 -1 02 2 -4 |6 00
BA=|2 3 4/ |-4 2 -4|=0 6 0|=61
0O 1t 2/|2 -1 5 |00 6
2 2 -4
ALY S| R ()
6 6 6 5 1 5
Also, x—-y=32x+3y+4z=17andy+2z=7
1 -1 0|« 3
= 2 3 4|ly|=|17
0 1 2]z 7
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[using Eq. ()]

6-17 + 35
y=-1land z=4

6+ 34-28
=—| 12+ 34-28|=—| -6|=| -1

S
o

a
Q.211fa+b+c#0and|b ¢ a|=0, then prove thata =b =c.
c

Q
(=)

Sol. Let A

1
O o0 T o
o o O

+Cc a+b+c a+b+c
c a [“R; >R+ R, + R;]

a b

+

O oo Y O T

=@+b+c)

o o —
o O 4
o o -

0 0o 1
=@+b+c)lb-a c-a a [+ C—»C;-CyandC, »C,-C;]
c-b a-b b

Expanding along R,
=@+b+c)[fib-aj@a-b)-c-akc-b)]
=(@+b+c)lba-b?-a%+ab-c?+cb+ac -ab)

=_—1(a+b+c)x(—2) (-a® — b? —c? + ab + bc + ca)
=;1(a+b+c)[32+b2+c2—2ab—2bc—20a+a2+b2+c2]
7—1(a+b+c)[a2+b2—2ab+b2+02—2bc+cz+a2—2ac]

:;(a+b+c)[(a—b)2+(b—c)2+(c—a)2]

Also, A=0
=§(a+b+c)[(a—b)2+(b—c)2+(c—a)2]:o
(@-b?+(b-cP+c-aPf=0 [ a+b+c =0 gien]

= a-b=b-c=c-a=0

a=b=c Hence proved.
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bc —a® ca-b® ab-c?

Q. 22 Prove that |ca —b?> ab—c? bc—a?|is divisible by (a +b +c) and

2

ab—c® bc-a® ca-b?

find the quotient.

bc —a’ ca-b> ab-c?
Sol. Let A=|ca-b? ab-c? bc-a°
ab-c? bc-a? ca-b?
bc—a’—ca+ b’ ca-b°—-ab+c? ab-c?
=|lca-b?-ab+c? ab-c®-bc+a® bc-a’
ab-c2-bc+a® bc-a%-ca+b?® ca-b?

[ C,>C,~C,andC, —>C,—Cy]

(b-a)@a+b+c) c-b)a+b+c) ab-c?
=|lc-b)@a+b+c) (@a-c)@a+b+c) bc-a>
(@-c)@a+b+c) (b-a)l@a+b+c) ca-b?

b-a c-b ab-c?
=@+b+cPlc-b a-c bc-a?
a-c b-a ca-b?

[taking (@ + b + ¢)common from C, and C,, each]

0 0 ab+bc +ca-(a@®+b?+c?)
=(@+b+cPlc-b a-c bc —a®
a-c b-a ca-—b?

[ Ry >Ry + R, + Ry]
Now, expanding along R;,
=(@+b+c)llab+bc+ca-(@ +b%+c?)]c-b)b-a)-(a-c)]
=(@+b+c) (@ + bc +ca-a®-b?-c?
cb —ac — b? + ab —a® —c? + 2ac)
=(@+b+c)P @ +b%>+c?—ab-bc-ca)
(@ + b? +c? —ac —ab - be)
=%(a+b+c)[(a+b+c)(az+b2 +c? —ab - bc —ca)]
[@=bf +(b-c)+(-af]

:1(a+ b+c)@® +b®+c®-3abc)[(a-b) + (b-cf+c-aF]

Hence, given determinant is divisible by (a + b + ¢)and quotient is
@ + b® +c® -3abc)[@a-bY + (b -c) + ¢ —a)]
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xa yb zc a b c
Q.23 If x + y +z =0, then prove that | yc za xb|=xyz|c a b|
zb xc ya b ¢ a

® Thinking Process

We have, given x+ y+2=0=> %"+ y’ + 2> =3xyz So, by using this in solving the given

determinant from both the sides, we can equate the obtained result from both the sides
to desired result.

Sol. Since,x + y+ z=0, also we have to prove

xa yb zc a b c
yc za xbl=ayz|c a b
zb xc vya b c a
xa yb zc

LHS=|yc za «b

zb xc ya

=xa(za-ya—xb-xc)—yb(yc-ya—xb-zb)+ zc (yc-xc — za- zb)
=xa (@%yz — x°bc) — yb (y?ac — b%xz) + zc (c%xy — Z°ab)

=xyza® — x%abc — yPabe + b3x yz + c3x yz - z%abc

=xyz@ + b3 +c¥)—abc (x* + y® + 2°)

=xyz(@ +b® +c%) —abc (3xyz)

Fex+y+2z=0= 2+ y> + 22 - 3wy7

=xyz(@ + b® +c® - 3abc) .0
a b c a+b+c b c
Now, RHS=xyz|c a b|=xyzla+b+c a b [C =»C +Cy +C4l
b c a a+b+c ¢ a
1 b c
=xyz(@+b+c)|1 a b [taking (@ + b + ¢)common from C,]
1 ¢c a
0 b-c c-a
=xyz(@+b+c)|0 a-c b-a
1 c a

["R, >R, —Ryand R, > R, — R4]
Expanding along C,,
=xyz@+b+c)[Ib-c)(b-a)-(a-c)c —a)]
=xyz(@+b+c)(b®—ab-bc + ac + a° +c? —2ac)
=xyz(@+b+c)@ +b2+c?—ab-bc-ca)

=xyz (@ + b® +c® - 3abc) ...(if)
From Egs. (i) and (ii),
LHS = RHS
xa yb zc a b c
= yc za xb|=xyz|c a b Hence proved.
zb xc ya b c a
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Objective Type Questions

2x 5 6 .
Q. 241f = , then the value of xis
X
@) 3 (b) + 3 ©+6 d) 6
2x 5| |6 -2
Sol. (¢) 8 x =‘7 3‘
= 2x% —40=18+ 14
= 2x% =32 + 40
= x° 22236
2
x=+6

a-b b+c a
Q. 25 The value of (b —a c+a b|is
c-a a+b c

@a’+b+¢ (b) 3bc
(©a + b+ -3abc (d) None of these
Sol. (d) We have,
a-b b+c a a+c b+c+a a
b-a c+a b|=|b+c c+a+b b [+C;—>C+C,andC, »C, +Cy4]
c-a a+b c| |[c+b a+b+c c
a+c 1 a
=@+b+c)lb+c 1 b [taking (@ + b + ¢)common from C,]
c+b 1 c
a-b 0 a-c
=@+b+c)| O 0 b-c [+R, >R, -RzandR, = R, — R4]
c+b 1 c
=@+b+c)[-(b-c)(@a-b)] [expanding along R,]

=@+b+c)lc-b)a-b)

Q. 26 If the area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is
9 sq units. Then, the value of k will be

(@9 (b) 3 (©-9 (d)6
Sol. (b)) We know that, area of a triangle with vertices (x;, y;), (x5, ¥»)and (x3, y5)is given by

] X oy 1

A= > X, Yo 1

X3 Yz 1
-3 0 1
A= 1 3 01
2 0 k 1
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Expanding along R;,

9:%[—3 (k) — 0+ 1(3K)]

= 18 =3k + 3k = 6k
k=18_3
6

Q. 27 The determinant
b?-ab b-c bc—ac
ab-a® a-b b®—ab|equalsto
bc—ac c-a ab-a?
(@) abc(b — o(c —a(a—b) (b) (b - d(c—a)a—-b)

(©@a+b+adb-9(c-ala-b) (d) None of these
Sol. (d) We have,

b?>—ab b-c bc-ac| |bib-a) b-c c(b-a)
ab-a®> a-b b’-abl=|la(b-a) a-b b(b-a)
bc-ac c-a ab-a?| [c(b-a) c-a a(b-a)
b b-c c
=(b-afla a-b b
c c-a a
[on taking (b — a) common from C, and C, each]
b-c b-c ¢
=(b-afla-b a-b b [+ C, »Cy —Cy]

c-a c-a a
=0
[since, two columns C; and C,, are identical, so the value of determinant is zero]

sinx Ccosx cosx
Q. 28 The number of distinct real roots of [cosx sinx cosx|=0 in the

CoSX CcOoSx sinx
T T
4 4
(@0 (b

Sol. (c) We have,

interval -— < x < =1is

=

2 (o)1 )3

sinx CcOsx COSx
cosx sinx cosx|=0
COosSx COSx sSinx
ApplyingC; -»C, + C, + C,,
2C0Sx + Sinx COSx COSx
2cosx + sinx  sinx cosx|=0
2cosx + sinx cosx  sinx
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On taking (2cosx + sinx)common from C,, we get
1 cosx cosx

= (2cosx + sinx)| 1 sinx cosx|=0
1 cosx sinx

1 Ccosx cosx
= (2cosx + sinx) |0 sinx —cosx 0 =0
0 0 (sinx —cosx)
[“R,>R,-R;and Ry > Ry - R,]
Expanding along C;,
(2cosx + sinx) [1- (sinx —cosx)?]=0
= (2cosx + sinx) (sinx — cosx)? = 0
Either 2cosx = —sinx
1.
= cosx = ——sinx
2
= tanx = -2 ()
But here for—% <x s% , we get —1 <tanx <1s0, no solution possible
and for (sinx —cosx)? = 0, sinx = cosx
= tanx = 1=tan™
4

Y
x=T
4
So, only one distinct real root exist.
Q. 29 If A, B and C are angles of a triangle, then the determinant
-1 cosC cosB

cosC -1 cosAlisequalto
cosB cosA -1
(@0 (b) -1 (©1 (d) None of these

-1 cosC cosB
Sol. (a) We have, |cosC -1 cosA
cosB cosA -1
ApplyingC; »aC; + bC, +c Cy,
—a+ bcosC + ccosB cosC cosB
acosC — b + ccosA -1 cosA
acosB+ bcosA-c cosA -1
Also, by projection rule in a triangle, we know that
a=bcosC + ccosB b =ccosA + acosC andc = acosB + bcosA
Using above equation in column first, we get
—-a+a cosC cosB| |0 cosC cosB
b-b -1 cosA|=|0 -1 cosA|=0
c—-c cosA -1 0 cosA -1

[since, determinant having all elements of any column or row gives value of
determinant as zero]
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cost t 1
Q.30 f(t)=| 2sint ¢ 2|, then lim L9 isequal to
t—

sint t t ot
(@ 0 (b) -1 (c) 2 (d) 3
Sol. (@) We have,
cost t 1
ft)=|2sint t 2t
sint t t

Expanding along C,,
=cost (t? —2t%)—2sint (t° —t) + sint (2t% —t)
=—t2cost — (t2 —t)2sint + (2% —t)sint
= —t?cost —t2-2sint +t-2sint + 2t%sint
= —t?cost + 2tsint
fit) im (-t2cost) - 2tsint

rlinotT r|—>o t2 +t|—>0 t2
=— limcost + 2 lim sint
t—>0 t—>0
=—1+1 [ Iimﬂ:mndcosO:q
t—>0 t
=0
Q. 31 The maximum value of
1 1 1
A= 1 1+sin® 1|is (where, 0 is real number)
1+cos0 1 1
1 3 243
(a) - (b) L] © 2 (d 243
o2 2 4
Sol. (@) Since,
1 1 1
A= 1 1+sin0 1
1+ cos0 1 1
0 0o 1
=| 0 sind 1 [+Ci—>C-CzandC, »C, - Cy4]
cos6 O 1

=1(sin 6-cos 0)
:1~23in ecosezisinZO
2 2

Since, the maximum value of sin20is 1. So, for maximum value of 6 should be 45°.
A= 1 sin2-45°
2

:1sin90°: .1=1
2 2

N —
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0 x—a x-b
Q.321f f(x)=|x+a 0
x+b x+c 0

x —c|, then

(@ f(a) =0 (b) f(b) =0 (0) f(0) =0 (d)f(1m=0
Sol. (c) We have,
0 x—a x-b
flx)=|x + a 0 x—cC
x+b x+cC 0
0 0 a-b
= fla)=| 2a 0 a-c
a+b a+c 0
=[@a-b){2a-(@a+c)}] #0
0 b-a 0
flby=lb+a 0 b-c
2b b+c 0
=—(b-a)[2b(b-c)]
=-2b(b-a)(b-c)=0
0 -a -b
fO)=la 0 -c
b ¢ 0
=a(bc)-b (ac)
=abc —abc=0
2 A -3
Q.331fA=[0 2 5|, then A exists, if
1 1 3
(@QAr=2 (by A =2
Qr=#-2 (d) None of these
Sol. (@) We have,
2 X =3
A=]0 2 5
11 3

Expanding along R;,
|Al=2(6-5)-A(=5)-3(-2)=2 + 50+ 6
We know that, A™" exists, if A is non-singular matrix i.e., |A| = 0.
o 2+50+6%#0
= 5L+ -8
-8

A#E—
5

So, A™ exists if and only if A # _?8 .
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Q. 34 If A and B are invertible matrices, then which of the following is not

correct?
@ adjA=|Al-A™
© (AB)"=BT A

(b) det (A" =[det (A)]
d(A+B) =B+ A"

Sol. (d) Since, A and B are invertible matrices. So, we can say that

(AB =BT AT ()
1
Also, A= —(adj A
A (adj A)
= adj A=|Al- A (i)
Also, det (AY" = [det (A)]
= det (A" = !
[det (A)]
= det (A)-det (A)" =1 ..(iii)
which is true.
Again, A+B'=———adj(A+B
g ( ) A+ B) i ( )
= (A+B)y ' =B+ A (V)
So, only option (d) is incorrect.
1+x 1 1
Q. 35 If x, y and z are all different from zeroand | 1 1+y 1 |=0,
1 1 1+2z
then the value of x™* +y ' +z7'is
@ xyz b) 27y 'z © —x-y-z (d) -1
1+x 1 1
Sol. (d) We have, 1 1+y 1 |=0
1 1 1+z
ApplyingC; -C, -CzandC, -»C, - Cj,
x 0 1
= 0 vy 11=0

-z -z 1+ 2z

Expanding along R,

x[y(d+2+2z]-0+1(y2)=0

= x(Y+yz+2)+yz=0

= xy+xyz+xz+ yz=0

- Xy Xyz X2 Yz g
Xyz Xyz xYyz xyz

= l+1+1+1:O
x y z
11 1

= —+—+—=-1
x y z

7y ez =
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X xX+y x+2y
Q. 36 The value of | x + 2y x x+y|is
xX+y x+2y X

x xX+y x+2y

Sol. () We have, x+2y X xX+y
xX+y x+2y x

3x+y) x+y vy

=|38@x+y x y [+C;—>C+C,+CyandC; »Cy-C,]
3x+y x+2y -2y
T (x+y vy
=3(x+ y |1 X y [taking 3 (x + y)common from first column]
1 (x+2y) -2y
0 y 0
=3+ y 1 x y [+ Ry >R, - R,]
1 (x+2y) 2y
Expanding along R,

=3+ Y [-y2y -yl
=3y 3+ y) =9 (x+Y)

Q. 37 If there are two values of a which makes determinant,

1 -2 5
A=[2 a -1|=86, then the sum of these number is
0 4 2a
(a) 4 (b) 5 (c)-4 (d)9
Sol. (c) We have,
1 -2 5
A=2 a -1/=86
0 4 2a
1(2a% + 4)—2 (- 4a—20)+ 0= 86 [expanding along first column]

2a° + 4+ 8a+40=86
2a° +8a+44-86=0
a®+4a-21=0
a®+7a-3a-21=0
(@+7)@-3=0
a=-7and 3
Required sum =-7 + 3=-4

L
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Fillers

Q. 38 If A is a matrix of order 3 x 3, then |34| is equal to ......... .
Sol. If Ais a matrix of order 3 x 3, then| 3A| = 3 x 3 x 3| A| =27 | A|

Q. 39 If A is invertible matrix of order 3 x 3, then|A™*|is equal to ......... .

Sol. IfAis invertible matrix of order 3 x 3, then| A™| = ﬁ [since, | Al-| A7 =1]

Q. 40 If x, y, z € R, then the value of | 3* +37)® (3" —37%)® 1|is
(4x +4—x)2 ( x _4—x)2 1

Sol. We have,

@ +27F @ -27F7 A
(3 + 37 (3" -387%¢ 1
(A + 472 (@ -4 7 1
@.2%)2-27%) (@* =272 1 . .
=[2-3%)(-3%) (3" -3%)P 1 [ (@+ b)” —(a—b) =4ab]
@-4)@-47) (4" 4P 1 [ Ci =Ci =G,
4 T -27¢ 1
=|4 (3" -3¢ 1=0 [since, C, and C; are proportional to each other]
4 (4x _ 4—36)2 1

0 cos® sin6[
Q. 41 Ifcos20 =0, then|cos® sin® 0 | isequalto......... .
sin@ 0 cosO

Sol. Since, cos26=0

= cosZB:cosE = 26:E
2 2
= ="
4
smE = iand cosE 1
4 2 4 2
o L [
2 2
11,
2 2
1 1
0
2 V2

Expanding along R,
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Q. 42 If A is a matrix of order 3 x 3, then (4%)™" is equal to ......... .
Sol. IfAis a matrix of order 3 x 3, then (A%)™" = (A7)

Q. 43 If A is a matrix of order 3x3 , then the number of minors in

determinant of A are ......... .

Sol. If Ais amatrix of order 3 x 3, then the number of minors in determinant of A are 9. [since, in
a 3 x 3matrix, there are 9 elements]

Q. 44 The sum of products of elements of any row with the cofactors of
corresponding elements is equal to ......... .
Sol. The sum of products of elements of any row with the cofactors of corresponding elements
is equal to value of the determinant.
4 8 G
LetA =l|ay ay, ay
831 8z Ag
Expanding along R,

A=apAy + aph;, + agAg
= Sum of products of elements of R, with their
corresponding cofactors

x 3 7
Q.451fx=-9isaroot of |2 x 2|=0, then other two roots are ......... .
7 6 x
x 37
Sol. Since, 2 x 2(=0
7 6 x

Expanding along R,
x(x?-12)-3@Rx —14)+7 (12 = 7x)=0

= x% —12x —6x + 42 + 84— 49x =0
= x% - 67x+126=0 (i)
Here, 126 x1=9x2 x7

Forx =2, 2% — 67 x2 +126=134-134=0

Hence, x =2 is a root.
Forx =7,7% — 67 x7 + 126 = 469 — 469 = 0

Hence, x =7 is also a root.
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0 xyz x-—2z
Q.46 [y-x 0 y-z|isequalto....... .
zZ—-x z-Y 0

0 xyz x-2z| |Z-x xyZ x-2Z
Sol. Wehave, [y-x 0 y-2z|=|z-x 0 y-z [C, »>C, -C,4]
zZ-x zZ-Y 0 zZ-x z-Y 0
1 xyz x-2z
=(z-x)1 0 y-z
1 z-y O

[taking (z — x) common from column 1]

y=2)(Z=-y}-wz(@Z-y)+x-2(z-Yy]
(-y+z-ayz+ x - 2)

A+x)"7 Q+x" Q+x>2
Q.471f f(x)=|1+2)® 1+2)® (1+x)*
1+ x)41 1+ x)43 1+ x)47
= A +Bx +Cx? +..., then Ais equal to ......... .
Sol. Since,
1 (+xf (d+x)°
g

f)=0+ 27 1+ 202 0+ 21 1+x2° d+2)"=0
1 (1+x? A+ x)P

[since, R, and R, are identical]
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True/False

Q. 48 (4°)™ =(4™)3, where 4 is a square matrix and |4 #0.
Sol. True
Since, (A")" = (A7")", where n e N.

Q. 49 (aA)" = EA_1 , where a is any real number and A is a square matrix.
a

Sol. False
Since, we know that, if A is a non-singular square matrix, then for any scalar a (non-zero), aA

is invertible such that
(@A) (1A4)= (a~1j (A-ATY
a a

=1
ie., (@A) is inverse of (1 A’1j or (@A) = 1A’1, where a is any non-zero scalar.
a a

In the above statement a is any real number. So, we can conclude that above statement is
false.

Q. 50|A7"| # |4, where A is a non-singular matrix.
Sol. Faise

| A" =| A", where A is a non-singular matrix.

Q.511f A and B are matrices of order 3 and |A|=5 |B|=3, then
|3AB| =27 x 5 x 3 = 405.

Sol. True
We know that, |AB| =| Al B]
|3AB| =27 | AB|
_27|A-|B|
=27 x5 x3 =405

Q. 52 If the value of a third order determinant is 12, then the value of the
determinant formed by replacing each element by its cofactor will be
144.
Sol. True
Let A is the determinant.
|Al =12
Also, we know that, if A is a square matrix of order n, then|adj A| =| A" "
For n=3]adj Al =|AI°"'=|A|?
=127 =144
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x+1 x+2 x+a

Q.53 |x+2 x+3 x+b|=0, wherea, b and c are in AP.

x+3 x+4 x+c

Sol. True
Since, a, b andc are in AP, then2b =a +c¢
x+1 x+2 x+a
x+2 x+3 x+b[=0
x+3 x+4 x+cC
2x+4 2x+6 2x+a+cC
= x+2 x+3 x+b |=0
x+3 x+4 X +C
2(x+2) 2(x+3) 2(x+Db)
= x+2 x+ 3 x+b |=0
x+ 3 x+ 4 x+C
= 0=0

Hence, statement is true.

[+ R, >R, + Ry]

[-2b=a+c]

[since, R, and R, are in proportional to each other]

Q. 54 |adj A| =| A|% where A is a square matrix of order two.

Sol. False
If Ais a square matrix of order n, then
ladj A| =| A"~
= ladj Al =|A|? " =] Al
sinA cosA sinA +cosB
Q. 55 The determinant [sinB cosA sinB +cosB
sinC cosA sinC +cosB
Sol. True
sinA cosA sinA+ cosB sinA cosA sinA
Since, |sinB cosA sinB+ cosB|=|sinB cosA sinB

sinC cosA sinC +cosB| [sinC cosA sinC

[-n=2]

is equal to zero.

sinA cosA cosB
+|sinB cosA cosB
sinC cosA cosB

sinA cosA cosB
=0+ |sinB cosA cosB
sinC cosA cosB

[since, in first determinant C; and C are identicals]

SinA
=CcosA-cosB|sinB
sinC

1
1
1

1
1
1

[taking cos A common from C, and cos B common from C]

=0
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x+a p+u I+ f
Q. 56 If the determinant |y +b gq+v m+g| splits into exactly k
z+c 1+w n+h
determinants of order 3, each element of which contains only one
term, then the value of k is 8.
Sol. True
x+a p+u I+f
Since, y+b g+v m+g
zZ+C r+w n+h
x p l a u f
=ly+b g+Vv m+g|+|y+b g+v m+g [splitting first row]
z+C r+w n+h zZ+C r+w n+h
x p l x p l
=l vy q m |+| b % g
z+C r+m n+h z+C r+w n+h
a u f a u f
+| vy q m |+| b % g [splitting second row]
z+C r+w n+h zZ+C r+w n+h

Similarly, we can split these 4 determinants in 8 determinants by splitting each one in two
determinants further. So, given statement is true.

a p x p+x a+x a+p
Q.571fA=|b q¢ y|=16thenA,=|qg+y b+y b+q|=32
cr z r+z c+z c+r
Sol. True
a p «x
We have, A=lb g y|=16
cr z

p+x a+x a+p

and we have to prove, A=lg+y b+y b+q|=32

r+z c+2z Cc+r

2p+2x+2a a+x a+p

Ar=|2g+2y+2b b+y b+q [+Cy >Cy +C, +Cy]
2r+2z+2c c+z CcHr

p x—-p a+p

=2/ y-q b+g

r z—-r c+r

[taking 2 common from C, and thenC; - C, - C,, C, - C, —C;]
[P x a+p| [p p a+p

=2|q y b+qg|-|g g b+q
_f zZ C+r r r cCc+r
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p x a+p
=2|g y b+q|-0
Z CH+r

-

[since, two columns C, and C,, are identicals]
p x p

+2]9 ¥y q
rzr

Il

N
T v -~ Q5
< ® O T

=2 +0

=~ Q T N < R

C z

[since, C, and C are identical in second determinant and in first determinant, C, <> C,
and then C; <> Cg]

=2 x16 [-A=16]

=32 Hence proved.

1 1 1

Q. 58 The maximum value of | 1 1 +5sin6 1 is 1
1 1 1+ cos6

Sol. True
1 1 1

Since, 0 sin6 O [~ R, >R, —R;and R; - R; — R{]
0 0 cos6
On expanding along third row, we get the value of the determinant
. 1. 1
=Cc0s0-sinB=—-sin26=—
2 2

[when 6 is 45°which gives maximum value]
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